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PLANE POLOIDAL-TOROIDAL DECOMPOSITION OF
DOUBLY PERIODIC VECTOR FIELDS. PART 2.
THE STOKES EQUATIONS
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Abstract

We continue our study of the adaptation from spherical to doubly periodic slot domains of
the poloidal-toroidal representation of vector fields. Building on the successful construction
of an orthogonal quinquepartite decomposition of doubly periodic vector fields of arbitrary
divergence with integral representations for the projections of known vector fields and
equivalent scalar representations for unknown vector fields (Part 1), we now present a
decomposition of vector field equations into an equivalent set of scalar field equations. The
Stokes equations for slow viscous incompressible fluid flow in an arbitrary force field are
treated as an example, and for them the application of the decomposition uncouples the
conservation of momentum equation from the conservation of mass constraint. The resulting
scalar equations are then solved by elementary methods. The extension to generalised
Stokes equations resulting from the application of various time discretisation schemes to
the Navier-Stokes equations is also solved.

1. Introduction

In Part 1 B] an orthogonal decomposition of doubly periodit() vector fields into
five parts, three of which are divergence-free, was derived. Associated with this quin-
quepartite decomposition was a representation of such fields in terms of scalars. Ar
advantage of this representation is that unknown vector fields known to be divergence-
free can automatically be represented as such simply by setting to zero the scalar
associated with the two non-divergence-free subspaces.

In Part 2 (Sectior®) the quinquepartite decomposition is used to derive a set of
scalar equations equivalent to a d.p. vector field equatien 0. The derivation uses
the equivalence between the vanishingfofind the vanishing of its projections in
each of the five subspaces.
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As an example, in Sectiod we treat the Stokes equations for viscous fluid flow
between two solid parallel walls under an arbitrary body force. The equivalent scalar
equations can then be solved by elementary methods.

An appendix treats a generalised Stokes problem.

1.1. Stokes equations The Navier-Stokes equations

au
Re<ﬁ+u~Vu> = —VP + b+ VZu,

V.-u=0

describe the evolution in timeof the flow of incompressible fluid with velocity
and pressurd® subject to a body forcd. The nonnegativékeynolds numbeRe
signifies the relative strength of inertial and viscous forces. Setting Reives the
Stokes equations. The Stokes equations are of interest because ‘as is well knowr
the study of the properties of solutions to the Stokes system plays an essential role
in the mathematical theory of viscous fluid flows governed by the Navier-Stokes
equations’ b].

Also, the Stokes equations asymptotically describe very slow flows of very viscous
fluids on very short length scales. Further, Stokes equations with kho#0 arise
in asymptotic expansions for the Navier-Stokes equations at small Re, not merely for
the zeroth orde?’ (1) term, but, in bounded domains, fall orders [LO, 11, 12].

Equations closely related to the Stokes equations like

au=—-VP+ b+ V2, (1.1)
V.u=0 (1.2)

even arise in numerical methods for solving Navier-Stokes problems at arbitrary
Reynolds numbers. When taking into account implicitly the viscous term and explic-
itly the advection term, the time discretisation results in a generalised Stokes problem
(1.D—(1.2) to be solved at each time-step4] 15]. The same equations result from
various operator splitting technique [L9]. Thus, this extension to the Stokes prob-
lem is relevant to our longer term aim of developing a Navier-Stokes solver based on
the quinquepartite decomposition.

2. Scalar equivalents of vector field equations

In Section2, a set of scalar equations equivalent to the d.p. vector field equation
f(X,y,2) = 0is derived.



[3] Plane Poloidal-toroidal decomposition 2 41

2.1. Norms Since the five projections are mutually orthogonal and collectively
complete, we have the Pythagorean equation

12 = 1Py FI2 4+ 1Pz T+ IPs f 12+ P2 FI2 + P2 fI%. (2.2)

The squares of the norms here are (in terms of the scaloidal, poloidal and toroidal
potentials off: o, ¥ andr)

IPy F12 = 11{fx)a — (FII%, (2.2)
IPz f 12 = I(f) 12+ I F)all® + 1 f)all, (2.3)
IPs 12 =[IVo|?, (2.4)
IPo f11? = |VA¥|?+ [V,D¥|* and (2.5)
IPo f 11> = |AT|2 (2.6)

The scaloidal Z.4), poloidal .5) and toroidal 2.6) square-norms can be expressed
alternatively as

IP> f11? = (0, S f), 2.7)
IPo f17 = (&, S5 f) — (% — %) *[(¥, Voo - F)o]}. and (2.8)
IP7 £11? = (z, S5 f), (2.9)

by defining the scalar operators

S, f=V-f—(V-f) (2.10)
Spf =-Vify,+DV, - f and
S,yf=A-f.

In Section2.2we use the Pythagorean equati@ri to reduce a vector field equation
to an equivalent set of scalar equations.

2.2. Decomposition of vector field equations It follows from the Pythagorean
equation 2.1) that the vector field equation

fx,y,2)=f[x,y+ 2 zZ+ 2 =
Y, 8= Y kcosy' = ksiny)
is equivalent to|Pf|| = O for P = P4, P, Py, P» and P»; however, it is not

necessary to actually carry out the projections, as shown by the following theorem.
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THEOREM2.1. The d.p. vector field equatioh = 0 is equivalent to the seven d.p.
scalar field equations

(fx)o — (fx) =0, (2.11)
(fx) = (fy)a = (f2)o =0, (2.12)
S, f =0, (2.13)
S»f =0 and (2.14)
Szf =0 (2.15)
and the end conditions
—Vg-f =0 (X=Xg, X1). (2.16)

PROOF From @2.2), the vanishing of the#’-norm is equivalent toZ.11).

From @.3), a zero%-part is equivalent toA.12).

The sufficiency of 2.13—(2.16) is evident from the alternate expressions for the
norms @.7)—(2.9).

Their necessity follows from the uniqueness of the potentialg andt (Part 1);
for example, B- f = 0 implieso = 0 so that .13 follows from the definition of
Sy f (2.10, with similar results for the poloidal and toroidal parts. The vanishing
of ¥ throughoutx, < x < x; also implies 2.16), by the boundary condition on the
Poisson equation for the poloidal potential. O

2.3. Fourier decomposition of vector field equations The scaloidal, poloidal and
toroidal subspaces can be further partitioned with the trigopnometric Fourier decom-
position. The associated norms are

IPsv]|* = (e, Sov),
IP2, vl = (P, Sop,v) + (X1 — Xo) " [(We, Kfolfq)m]z and
IPzvl? = (%, Sz v),
where
Sov = (&, Syv)n = (k2 — D)6y,
So,v = (&, Spv)g = kZ(k? —D)¥  and

— 2>~
Sg;v = (ee, ng)D == K@ Ty.

Then in @.1) the last three terms can be replaced with

> (1P FI2 4 [P, I+ 1P, £117)

[
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(a prime being inserted above the summation when the term for WwhieH, = 0 is
to be omitted) and the last four equations of Theofefirby

S% f = D(el’ fX)D + iKl(ela fm)[] = Oa

Sx, f = «Z(e, fx)a +ikD(e, f,)o =0 and

Sgl f == iKe(ee, fQ)D = 0

forall £ # 0. Atthe endsX = Xo, X1)

(€, —Vo - f)g = —ik(e, fm>[1 =0.
3. The Stokes equations

The Stokes equations for creeping flow of an incompressible fluid with a body
forceb are

0=—-VP+ b+ Vu, (3.1)
V.-u=0 (3.2)
subject to appropriate conditions at the ends; for example, presaridadhis section

we derive the solution of3(1)—(3.2); the solution of the generalised Stokes problem
(1.1)—(1.2) is given inAppendix A

3.1. Representation of velocity and pressure The incompressibility constraird (2)
implies the existence of the Schmitt-Wahl mean-poloidal-toroidal represent&tion [
17

u = Uiy + Viy + Wi, — V2Wi, + V_ D¥ — Ar,
whereVU = VoV = VGW = 0, (¥); = (r)g = 0 and¥ andt are d.p. The
important derived scalars are,8 = 0, Sp,u = V2V? and S;u = —V2z, and
SoU = k2(k2 — D) ¥, and S u = k27,

Although the pressure gradiemP is d.p., the pressure needn’t be. The most
general d.p. form isVP = pyix + pyiy + P, + Voo, whereVgop, = Vp, =
Vp, =0, (w)yg = 0, andw is d.p. The derived scalars are,SP = V?w,

S# VP = (D? — k})@,, and S,VP = S;VP = 0.

3.2. Decomposition of the Stokes momentum equationin terms of the repre-
sentations of SectioB.1, the decomposition2(11)—(2.15 of the Stokes momentum
equation 8.1) leads to four velocity equations

DZV = py — (by>|:|, D2W =Pz — <bZ>Da
—VAV*W = —VZb, + DV, -b=Ssb and (3.3)
V2V?%r = A -b=Szb, (3.4)
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three pressure equations

Px — <px> = <bx>D - (bx>a (px) = <bx> and

V2w =V -b—(V-b)y =Sub, (3.5)
and the end condition
Vio = VEDVAW + V5 -b (X = X, X1). (3.6)

The end condition 3.6) provides a boundary condition foB.6) whenevery is
determined byJ.3) and velocity boundary conditions.

The poloidal 8.3) and toroidal 8.4) Stokes equations are related to the normal
velocity-normal vorticity equations used by ChandrasekHarppges 20-21] and
others PJ; in the present notation, the nonmean part of the normal velociyM§y
and that of the normal vorticity is VZz.

3.2.1. Fourier decomposition of the Stokes equatiokgher by using the modifi-
cation of Theoren®.1 described in Sectio.3 or by taking the Fourier coefficients
of the equations in Sectio®.2, we can replace the poloidas.@), toroidal 3.4) and
scaloidal 8.5) equations with (for alt # 0)

k2(k? — D?) Wy = Sy, b = i2{er, b) o + ik D(er, by, ), 3.7)
Kez (Kez — D2) 'LN'( = S%bE iKe<ee, bZe>D
and
(D? — k)@, = D(ey, by)o + ke (€, by,), = Sy,b. (3.8)

The end condition3.6) becomes
Kzzﬁ'gszzD (DZ—KEZ) G’g—il(g(eg,bm%] (X:XO, Xl).

3.3. Solution of the Stokes problem in a slot For a slot between solid walls at
X = £1, the boundary conditions are

U=V=W=U¥,=D¥, =7, =0. (3.9)
The mean velocity componelt is

whereG(x; &) = {1+ min(x, £§)}{1 — max(x, &)}. The same solution applies W
with the y subscript replaced b
The Fourier toroidal componentig(§) = (G(x; &), Sz b), where

2 sinhk, {1 + min(x, &)} sinhk, {1 — max(x, &)}

G(Xx; &) =
(5) «sinh 2,

(3.11)
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3.3.1. Solution of the poloidal part of the Stokes problefhe poloidal part is more
complicated, being governed b$.{), a fourth-, rather than second-, order equation;
however, a solution can be obtained systematically by variation of parameters (see
for example, §]).

A basis for the solution space 03.(7) with Sg,b =0 is

P1(X) = (1 + X) sinhx, (1 + X),

p2(X) = sinh 2, sinhi, (1 + X) — k(1 4+ X) Sinhk, (1 — X),
p3(X) = (1 — x) sinhk (1 — x) and

pP4(X) = sinh 2, sinhk, (1 — X) — k(1 — X) Sinhi, (1 + X).

Notice thatp;, p2, Dp; and Dp, vanish atx = —1 while p; and p, satisfy the
boundary conditions3(9) atx = 1. Then
7 (§) = (G(X;€), S, b), (3.12)
where
G(X &) = +03(X) P3(§) + da(X)Pa(§) X < §; (3.13)
—q(X)P1(§) — R(X)P2(§) X >§&

is the solution provided that

P1 P2 Ps P4 01 0
Dp; Dp. Dps Dps || _ 0
D?p, D?p, D?ps D?ps| | Gs 0
D3p; D3p, D°ps D3ps] |04 1/2¢
Cramer’s rule (see, for exampld, page 55]) leads to
Gu(X) = —W(P2, Pa. Pa; X)/2c; W(Py, P2, Ps, Pa; X), (3.14)
0o(X) = +W(P1, Ps, Pa; X)/ 27 W (P1, P2, Pas Pai X), (3.15)
Ga(X) = —W(Ppy, P2, Pa; X)/2c; W(Py, P2, Ps, P X) and (3.16)
G(X) = +W (P, P2, Ps; X) /27 W (Py, P2. Pa. Pa; X). (3.17)

whereW stands for the Wronskian (see, for example,dJage 132])

p1 P2 Ps
Dp. Dp. Dps
D?p, D?p, D?ps

W(p1, P2, P3; X) =

Since B.7) is self-adjoint with constant coefficiend/(pz, p2, Pz, Ps; X) iS a constant;
a consequence of Abel’s formulag, page 203]. Here

W(p1, P2, P3, Pa) = —k,(COSh 4, — 1)(cosh 4, — 1 — 8«7)



46 G. D. McBain [8]

and

W(P2, Ps, Pa; X) = —k Sinh 4c, Sinhicy (1 + X)
+ ke 3x(cosh 4, — 1) coshk, (1 + X)
+ {(cosh 4, — 1) cosh Z, + 2k, sinh 2c,} k2 sinhic, (1 — X)
— 4ic; (1 — x) sinh 2, coshie, (1 — X),

W(p1, Pz, Pa; X) = —2«7Z sinh 2, sinhicy (1 + X)
+ kZx(cosh 4, — 1) coshk, (1 — X)
+ (cosh 4, — 1 + k, sinh 4¢,) k., Sinhicg (1 — X)
— (1 — x) sinh 2, coshie, (1 + X),

W(Pp1, P2, Pa; X) = k2 sinh 4, sinhi, (1 — x)
+ kx(cosh 4, — 1) coshk, (1 — X)
— {(cosh 4, — 1) cosh Z, + 2k, sinh 2} k2 sinhic, (1 + X)
+ 4k} (1 + x) sinh 2, coshi, (1 + x) and

W(p1, P2, Ps; X) = 22 sinh 2, sinhicg (1 — X)
+ kZx(cosh 4, — 1) coshk, (1 + X)
—{cosh 4, — 1+ «; sinh 4¢,} «; sinhi, (1 + X)
+ 4 (1 + x) sinh 2¢, coshicg (1 — ).

3.4. Examples of Stokes solutions
3.4.1. Base flow componentsf the body force is analytic ix so that

fO0 = (by)a — py = Z fix

then @.10 gives

{1+ (=D")/24 (1 — (—D}}x/2 — x**2
Vo= ka K+ D(k+2) '

Important special cases includgx) = 1: V(x) = (1 — x?)/2, that is, Poiseuille
flow [7, page 582]; andf (x) = x: V(x) = x(1 — x?)/6, which arises in natural
convection in a vertical slo2[].

3.4.2. Fundamental poloidal velocity field€Consider the force distribution

b= K[ZS(X — S) COSkyn,ix, Wheres is a constant-1 < s < 1. We have $,b =
So, ,b=8(x—19)/2, sothat

20,(x) = —01(X0) P1(X) — 2(Xo) P2(X) X <'S; (3.18)

+03(Xo) P3(X) + a(Xo) Pa(X) X >'S,
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FIGURE 1. Poloidal rolls from the example in Secti@¥.2with k = 2,y = 7/8,l, = 1,1, = 0 and

s = —1/2: (a) geometry; (b) schematic of the force distribution; (c) stream-lines (solid) and roll axis
(chain-line). Also marked in (b) and (c) are twa-period cells andx| = 1 (dashed) and the planes

& = 0, cosBy/ksiny and 2r cosB,/k siny (solid).

¥_, = ¥, and the stream-function in angn,-plane isy = — 2k, ¥, sink,n,. This
signifies a spatially periodic flow consisting of counterrotating rolls with axes parallel
to the walls (Figurel).

Note that the same poloidal velocity field would be generated by the force dis-
tribution K[ZH(X — S) sink,n,i,,, whereH is Heaviside’s step function. Neither of
these force distributions is purely poloidal; they have the same scalaugdifferent
scaloidal parts and so give rise to different pressure distributions.

3.4.3. Fundamental toroidal velocity fieldsThe force distribution
b=k, 18(X — S) Sinkenie,

gives rise to a toroidal velocity field with scalar= 27, cosk,n,, wherez,(x) =
G(x;s) with G asin 8.11). The velocity fieldu = 2«,7, Sink,n,i;,, is unidirectional
as shown in Figur@. This force distribution causes no other velocity field and makes
no contribution to the pressure.

Note that by the properties and construction of the Green'’s functions, these poloidal
and toroidal examples have continuous velocity fields but discontinuous velocity
derivatives beyond a certain order, due to the delta-spike in the force distributions.

4. Conclusions

In general, the two main difficulties in solving the Navier-Stokes equations are the
incompressibility constraint and the nonlinearity of the advection terms. The Stokes
equations share the former and lack the latter. The quinquepartite decomposition
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FIGURE 2. The example toroidal field of Secti@¥4.3 |, = 1; projection and periodicityk(andy) as in
Figurel: (a, b)l, = 0; (c, d)I, = 1; (a, c) schematic of force distribution; (b, d) chain-lines mark vortex
lines (which are also contours of constant velocity, &yllheorem 2]) and solid lines the stream-lines of
maximum velocity.

proves to be a effective way of dealing with the constraint, as shown in the past for
the poloidal-toroidal decomposition in spherical geometried $, 11].

Although we have only treated the Stokes and generalised Stokes equations, th
decomposition presented can be applied to any vector field equation with periodic
boundary conditions in two directions on a domain bounded in the third orthogonal
direction. It may be expected to be useful in other cases where a divergence-free
vector field is involved and the divergence-free subspa¢es” and.7 are invariant
under the linear operators involved. Two such examples are

oH

ot
which govern the decay of a magnetic figfdin a motionless medium with uniform
resistivity n [4, pages 147-150] and + KVP = b andV - u = 0 which govern
groundwater flow 16].

= -nVx(VxH) and V-H =0,

Appendix A. Generalised Stokes problem

The decomposition of the generalised Stokes probled)<(1.2) is
(D — )V =py,— (by)a, (D> —a)W = p, — (b,)a.
VZV3(a — V3 = —V2b+ DV, - b= Susb, (A1)
~Vi(a— V)T =A-b=Ssb, (A.2)
Px — (Px) = (b)o — (by), (px) = (by) —aU and
Viw =V -b—(V.-b)g=Ssb
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with the end conditionX = £1)
Vio = ViD(V?P—a)¥ +V, - b. (A.3)

For the Fourier coefficientd (= 0), the poloidal A.1) and toroidal A.2) equations
can be replaced with

K2 (k2 — D?) (A2 — D?) ¥, = Sp,b and «?(x2—D?) % = Szb

and the end conditionA(3) with x2&, = «?D (D? — A2) ¥, — ik,(€, b,,)a, Where
Le = /o + k7. The Fourier scaloidal equatioB.8) is unchanged by the addition of
the generalised term.

The solution foru = 0 onx = +1 has mean velocity components

V() =(G(x; &), (by)n — py) and W(E) = (G(x; &), (b — p2)
where
2 sinh/a{1+ min(x, &)} sinh/a{1 — max(x, 5)}
Ja sinh 2/a

and the toroidal scalar has Fourier coefficientg) = (G(x; §), S,b), where

G(x; &) =

2 sinhA,{1 + min(x, &)} sinhA,{1 — max(x, 5)}
KZ2)e SINh 24,

G(x;¢) =

The @, are given by 8.12—(3.13 and @.14—(3.17) with

pP1(X) = A¢Sinhi, (1 + X) — k¢ SinhAL (1 4+ X),

P2(X) = coshi (1 4+ X) — coshi, (1 + Xx),

P3(X) = A, Sinhk, (1 — X) — K, SinhA, (1 — x) and
pP4(X) = coshk, (1 — X) — coshi, (1 — x).
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